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A m o d e l  f o r  an  i d e a l l y  p l a s t i c  body i s  e x t e n d e d  to a p o w d e r  m e d i u m  wi th  nonor thogona l  s l i p  
l i n e s ;  i t  i s  shown tha t  s o m e  p r o p e r t i e s  of the  i d e a l - p l a s t i c i t y  m o d e l  a r e  not  e s s e n t i a l  and  
s h o u l d  not  be  g e n e r a l i z e d ,  n a m e l y ,  t h e  c o i n c i d e n c e  b e t w e e n  the  c h a r a c t e r i s t i c s  f o r  t he  v e l o -  
c i t y  and  s t r e s s  d i s t r i b u t i o n s ,  and  i n d e p e n d e n c e  of  t he  v e l o c i t y  d i s t r i b u t i o n  f r o m  the  p o s s i b l e  
d i f f e r e n c e s  in the  s h e a r s  on the  a r e a s ~  A c l o s e d  s y s t e m  of equa t ions  i s  d e r i v e d ,  and  the  
p r o p e r t i e s  of  the  d i s c o n t i n u o u s  s o l u t i o n s  a r e  d i s c u s s e d ;  b o u n d a r y - v a l u e  p r o b l e m s  a r e  f o r -  
m u l a t e d .  It i s  shown tha t  t he  s t a b i l i t y - l o s s  l i n e s  a r e  a r c s  of c i r c l e s  ( su r face  of a c i r c u l a r  
c y l i n d e r )  in the  c a s e  of bank  s t a b i l i t y .  

1. C o n s i d e r  the  p l a n a r  d e f o r m a t i o n  of an  u n c o n s o l i d a t e d  m e d i u m  in the  l i m i t i n g  s t a t e :  

= sin q0c~ + k (1.1) 

w h e r e  g and  ~" a r e  t he  i n v a r i a n t s  of the  s t r e s s  t e n s o r ,  wh i l e  cp and  k a r e  c o n s t a n t s  of the  m a t e r i a l ~  On the 
a r e a  a (where  a is  the  a n g l e  b e t w e e n  the  a r e a  and  the  l a r g e s t  c o m p r e s s i v e  s t r e s s  a t )  the  t a nge n t i a l  and  

n o r m a l  s t r e s s e s  ve~ and  ~ ,  a r e  r e l a t e d  by 

~ : ej (c0  ~ 4 c2(~) 
sirJ q) sin 2~ k sin 2u (1.2) 

el = i - -s incpcos2u'  c 2 ~  l--sJac~cos2x 

T h e  s t r u c t u r e  of (1.2) r e f l e c t s  the  l aw of f r i c t i o n  be tw e e n  the p a r t i c l e s :  i f  Tc~ and ~a s a t i s f y  (1.2) 
f o r  c e r t a i n  c r i t i c a l  c o e f f i c i e n t s  + c l  ~ and _+c2 ~ then  r e l a t i v e  s l i p  be tw e e n  the p a r t i c l e s  is  p o s s i b l e ;  i f  c i  (a) 
and  c2 (a)  do not  equal  the  c r i t i c a l  v a l u e s ,  t he  c o n t a c t s  b e t w e e n  the p a r t i c l e s  a r e  be low the  l i m i t i n g  s t a t e ,  
a n d  the  d e f o r m a t i o n  on the  a r e a  r e m a i n s  s t a b l e .  L e t  c l ( a )  = c i  ~ c2(c~) = c2 ~ fo r  a = a0 > 0, w h e r e  a'0 is  a 
known c o n s t a n t .  The  v a l u e s  of a0 m a y  be  dependen t  on the p r o p e r t i e s  of the  m a t e r i a l  and on the  l oad ing  

cond i t ions  be low the l i m i t i n g  s t a t e  [1, 2]. 

Then  in the  l i m i t i n g  s t a t e  of (1.1) the  d e f o r m a t i o n  m e c h a n i s m  is  a n i s o t r o p i c :  on a r e a s  t angen t i a l  to 
the  l i n e s  x2'(xi)  = tg(0 _+ a0) one can  have  unbounded  r e l a t i v e  d i s p l a c e m e n t s  b e t w e e n  p a r t i c l e s ,  whi le  on a l l  
o t h e r  a r e a s  the  d i s p l a c e m e n t s  b e t w e e n  p a r t i c l e s  a r e  s m a l l  [3] (0 i s  the  i n c l i n a t i o n  of al to the  Oxt a x i s ,  
wh i l e  Oxlx2 i s  a C a r t e s i a n  c o o r d i n a t e  s y s t e m ) .  Such a d e f o r m a t i o n  m e c h a n i s m  m a y  be  i n t e r p r e t e d  a s  
fo l l ows :  in the  l i m i t i n g  s t a t e ,  the  m e d i u m  is  d iv ided  up by l i ne s  x2' = tg(0 +a0) in to  r e g u l a r  e l e m e n t s ,  and 
s u b s e q u e n t  d e f o r m a t i o n  o c c u r s  by r o t a t i o n ,  c o m p r e s s i o n ,  and  s l i p  of the  e l e m e n t s ,  one wi th  r e s p e c t  to the  
o t h e r .  To c o n s t r u c t  a c l o s e d  s y s t e m  of equa t ions  to d e s c r i b e  the  d e f o r m a t i o n  one needs  to f o r m u l a t e  the  
r e q u i r e m e n t s  tha t  the  s y s t e m  has  to m e e t ;  only  one s p e c i f i c a t i o n  is  n e c e s s a r y  in th i s  c a s e  [4]: the  s y s t e m  
m u s t  d e s c r i b e  i n i n v a r i a n t  f o r m  the  p r o c e s s e s  tha t  o c c u r  on the  a r e a s  x2' = tg(0 _+ e~,0). P o s s i b l e  add i t i ona I  
cond i t i ons  a r e  not  n e c e s s a r y ,  i nc lud ing  the  cond i t ion  tha t  the  c h a r a c t e r i s t i c s  f o r  the  v e l o c i t y  and s t r e s s  

f i e l d s  c o i n c i d e .  

T h e  d e f o r m a t i o n  k i n e t i c s  wi l l  be  dependen t  on the  law of f r i c t i o n  be tween  the e l e m e n t s ;  t h e r e  a r e  two 
e s s e n t i a l l y  d i f f e r e n t  m o d e s  of f r i c t i o n s :  v i s c o u s  and n o r m a l  [3] o r  n o n v i s c o u s .  In v i s c o u s  f r i c t i o n ,  the  
s h e a r  r a t e  be tween  e l e m e n t s  is  dependen t  on non loca l  f a c t o r s  (behav io r  o r  n e i g h b o r i n g  e l e m e n t s  and  the  
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F i g .  1 

b o u n d a r y  cond i t ions )  and  on l o c a l  f a c t o r s  ( s t r e s s e s  a c t i n g  on the s l ip  a r e a ) .  
In the  nonv i s cous  c a s e ,  the  f r i c t i o n  is  dependen t  on the s t r e s s e s  only up to 
the  o n s e t  of s l i p ;  s u b s e q u e n t l y ,  the  v e l o c i t y  is  not  dependen t  on s t r e s s e s  and 
can  be  r e s t r i c t e d  only by non loca l  f a c t o r s .  In a h a r d e n i n g  p l a s t i c  s o l i d ,  one 
ge t s  the  f i r s t  c a s e ,  w h e r e a s  the  s e c o n d  o c c u r s  in an i d e a l l y  p l a s t i c  body .  In 
wha t  fo l lows  we r e s t r i c t  o u r s e l v e s  to a m o d e l  fo r  an u n c o n s o l i d a t e d  m e d i u m  
wi th  v i s c o u s  f r i c t i o n .  The  d i s t r i b u t i o n  of ~ and  0 wi l l  be  a s s u m e d  f ixed  and 
known f r o m  the  so lu t i on  of the  b o u n d a r y - v a l u e  p r o b l e m  f o r  the  s t r e s s e s  [5]. 

2. L e t  vl(xlx2) and  v2(x~x2) be  the  v e l o c i t y  d i s t r i b u t i o n  in t he  C a r t e s i a f i  
c o o r d i n a t e  s y s t e m ;  b y 0  we  d e n o t e t h e  i n c r e m e n t s i n  the  v e l o c i t i e s  and  c o o r d i -  

h a t e s  on p a s s i n g  f r o m  e l e m e n t  to e l e m e n t ,  wh i l e  by  6 we deno te  the  i n c r e m e n t s  wi th in  an  e l e m e n t .  The  
s h e a r  v e l o c i t i e s  on the a r e a s  A B  and BC (Fig .  1) m a y  be  c h a r a c t e r i z e d  v i a  the  i n v a r i a n t  q u a n t i t i e s  

Ovp cos 20 ( Ovt 
Tqp = -~q + O sin 2% = ~ \-5~xl 

6 m = -~p (o sin 2% = ---~--- ~,. Ox~ ~ ) + T \'-Y~x.2 

Ovz I CO?a0( Ovi 27 Ovz) Sill2Cto{ Ovz Ovx~ 
+ "J-~z~ l + - -  \ ox'---~ Ox2 1 + --'5"-- \"~Tx~ 3-~x~l - -  o) sin 2% 

Ox~ + ~ sin 2% 
(2.i)  

w h e r e  w = 1/2 ( 6 v 2 / S x l -  5vl /5x2),  a s  s l i p  on the nono r thogona l  a r e a s  AB and BC does  not  c a u s e  any  v o l u m e  
change ;  the  change  m u s t  be  due to the  s u m  3vn/3p  + 0v m / a q ,  and  th i s  b e c o m e s  

Ov Ov .~ . . f Ov~ Ov~ 'l 
Op ~- ~ = sin za0 \-0~zl + -'~-~ } (2.2) 

If we a s s u m e  tha t  the  v e l o c i t y  c o m p o n e n t s  Vn and Vm a r e  con t inuous  t o g e t h e r  wi th  t h e i r  d e r i v a t i v e s ,  
we ge t  the  e s t i m a t e  

-~p  + -~q = sin 2a0 \ 6zl + -5~-x~ ) + o (l)~ (2.3) 

w h e r e  l is the  d i s t a n c e  b e t w e e n  s l i p  l i n e s .  Such e s t i m a t e s  a r e  i m p o s s i b l e  f o r  (2.1), b e c a u s e  the  d i s c o n -  
t i nu i t y  a t  the  s i de  of the  e l e m e n t s  in the  t an ge n t i a l  v e l o c i t i e s  i s  in e s s e n c e  due to  the  d e f o r m a t i o n ,  a s  i s  the  
p o s s i b l e  i n d e p e n d e n c e  of the s h e a r  v e l o c i t i e s  Tqp, a n d y p q ,  then  co m u s t  be  l e f t  a s  an  independen t  func t ion  
f o r  l - - 0 .  The  i n c r e m e n t s  0 in tha t  c a s e  m a y  be c o n s i d e r e d  a s  d i f f e r e n t i a l s ,  wh ich  e n a b l e s  us to d e s c r i b e  
the  b e h a v i o r  of a d i s con t i nuous  m e d i u m  by m e a n s  of the  m e c h a n i c s  of cont inuous  m e d i a  f o r  s m a l l  d i s t a n c e s  
b e t w e e n  the  l i n e s  of d i s c o n t i n u i t y .  

L e t  (?`i, ?`2) be t h e n a t u r a l  p a r a m e t e r s  of the  s l i p  l i n e s  x2' = tg(0 _+ a0) , whi le  wl  and w2 a r e  the  p r o -  
j e c t i o n s  of the  v e l o c i t y  on the  n o r m a l s  to the  s i d e s  of an  e l e m e n t .  As  the  f r i c t i o n  has  been  a s s u m e d  non-  
v i s c o u s ,  the  v e l o c i t y  of an  e l e m e n t  (?`1, ?`2) m a y  be bounded  only by the  v e l o c i t i e s  of e l e m e n t s  (?,1_+ dXi, ?`2-+ 
d?`2), and the  cond i t ion  f o r  con t inu i ty  in Vn and Vm goes  wi th  the  condi t ion  fo r  p o s s i b l e  s l i p  on the s i d e s  of 
an e l e m e n t  to i m p l y  tha t  only i n f o r m a t i o n  abou t  the  v e l o c i t y  wt  n o r m a l  to the  s ide  of an  e l e m e n t  can  be 
t r a n s m i t t e d  a long  the l i ne  ~1: 

V (~l + d~l)" ~ G1) = wl (~l) - -  o (Ki) cos 2a0 - -  ~l (~i) 
0wl w,~ + cos 2~0wi O0 + w cos 2a0 + el = 0 (2.4) 
O~,l sin 2no OM 

w h e r e  ~1 is  the  c o m p r e s s i o n  r a t e  of the  e l e m e n t  a long  the  l i ne  ?`l. S i m i l a r l y ,  a long  ?̀ 2 

Ow~ wi 2_ cos 2aoWz O0 
0M ~- sin 2a0 0~.~ CO COS 2a 0 + e2 = 0 (2.5) 

It  fo l lows  f r o m  (2.4) and  (2.5) t ha t  the  v e l o c i t y  d i s t r i b u t i o n  i s ,  i n g e n e r a l ,  d e p e n d e n t o n  the  d i s t r i b u t i o n  
of w, which  r e f l e c t s  the  p o s s i b l e  d i f f e r e n c e s  in the  s l i p  a r e a  func t ion ing .  An e x c e p t i o n  m u s t  be m a d e  f o r  
an i d e a l l y  p l a s t i c  m e d i u m  ( idea l ly  coup led  [5]), f o r  which  a0 = 7:/4 and f o r  which  (2.4) and  (2.5) a r e  c l o s e d  
no m a t t e r  wha t  the  e q u a t i o n  fo r  w. It can  be  shown tha t  the  cond i t ion  f o r  the  s t r e s s -  and  s t r a i n - r a t e  t e n s o r s  
to be coaxial in the ideal plasticity case is equivalent to the condition for symmetry in compressibility: ~i = 

~2; if then ~ - ~1 + g2 = O, then (2.4) and (2.5) become equations for an incompressible ideally plastic 

medium [6]. 
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L e t  e be known as  a funct ion of the hyd ros t a t i c  p r e s s u r e ,  while A = s t /e2 is e i t he r  low f r o m  addit ional  
c o n s i d e r a t i o n s  o r  is equal to  1; (2.5) r e f l ec t s  the poss ib i l i t y  of s l ip f r o m  the l ine x2' = tg(0 _+ c~0) , but  the 
l ine  x2' = tg(0 + a0) will  be a c h a r a c t e r i s t i c  of the s y s t e m  fo r  col, ~2, and co only if the equat ion fo r  ~0 con-  
ta ins  no de r iva t ives  a long ~l. If this  is not so,  weak d iscont inui t ies  in the ve loc i ty  will  p ropaga te  a long  a 
l ine  d i f ferent  f r o m  the s l ip  l ine It fol lows f r o m  (2.5) tha t  l oca l ly  a l ine of weak d iscont inui ty  cons i s t s  of  
p a r t s  x2' = tg(0 + a0), but  the ro ta t ion  of the e l emen t s  causes  the p ropaga t ion  d i r ec t ion  f o r  the weak d i s -  
cont inui t ies  to devia te  f r o m  the s l ip  l ine .  An  ideal ly  p las t i c  m a t e r i a l  is an  except ion  in that  r e s p e c t .  If 
~0 = ~r/4 we have co cos 2 o~ 0 - 0, and the t r a n s f e r  of the s l ip  l ine due to ro ta t ion  o c c u r s  a long the sl ip l ine 
i t se l f .  Then  the c h a r a c t e r i s t i c s  of  the ve loc i ty  d i s t r ibu t ion  f o r  an  ideal ly  p las t i c  m a t e r i a l  coincide  with 
s l ip  l ines  (if t hese  a r e  def ined as  in Sec. 1) and with the c h a r a c t e r i s t i c s  of the s t r e s s  d i s t r i b u t i o n .  

Cons ide r  the equat ions  needed  to c lose  (2.4) and (2.5); if none of the s l i p l i n e s  is spec i a l l y  d i s t inguished  
in the loading  h i s t o r y  of m a t e r i a l  below the l imi t  o r  in the boundary  condi t ions  for  the l imi t ing  s ta te ,  we 
can  a s s u m e  that  the s h e a r  r a t e s  Tqp and Tpq a v e r a g e  o v e r  a c e r t a i n  t ime  in te rva l  a r e  equa l .  In that  case  
co = 1/2(DV2/OXl-- OVi/Ox2 ) and the c h a r a c t e r i s t i c s  of  the ve loc i ty  d i s t r ibu t ion  coincide with the l ines  of 
l a r g e s t  tangent ia l  s t r e s s  x2 ~ = tg(0 + 7r/4); if  h e r e  A = 1, the s t r e s s -  and s t r a i n - r a t e  t e n s o r s  will  be 
coax ia l .  

We now c o n s i d e r  ano the r  l imi t ing  case  w h e r e  the sl ip o c c u r s  a long  one of  the l ines  )~l and ~2, f o r  
ins t ance  X1. Then  ~pq --- 0 and the comple te  s y s t e m  of equat ions  takes  the f o r m  

0Xl o~ - -  cos 20 \ -5~ - - ~  ] - -  cos 2% ox~ 

- -  sin 20 ( Ov~ ov~ Ov~ Ov~ 

. .  l 0,~ _ 0v, ~ + 1 0~, + 0v, / 
c~ ~v/-~Tz~ ax2] sin 20 \-~x~ -#~x~ t + cos 2% 

"b'~21 -b sin ~a~ + "-~'x~ ) 20) e~ 2ct~ "-}- 2el = 0 (2~ 

Or. 
~ 2 4 7  sin 2a~ (0-~ + ~ )  - 20)c~ + 0 x 2  / 2 e 2 = 0  

( Ovi + Oval Ov~ --~-x~ l + sin 2ao (," ova OXl ) - -  20) sin 2a0 = 0 0~, (2.7)  

Sys tem (2.6) and (2.7) is of hype rbo l i c  type .  If ~1 and P2 a r e  the na tu ra l  p a r a m e t e r s  of the c h a r a c -  
t e r i s t i c s  x 0' =lg(0 - oh) and x2' = - c t g ( 0 -  ~0) f o r  the sy s t em,  with ul,  u2 the p ro j ec t i ons  of the ve loc i ty  
c h a r a c t e r i s t i c s ,  while  fl and f2 a r e  the p ro j ec t i ons  of the ve loc i ty  on the s l ip  l ine k2 and the path or thogonal  
to this ,  than (2.6) and (2.7) m a y  be put a t  

Oul OB 
0~1 u~ ~ -~ - -  el sin 2no 

Ou~ 00 ei cos ~ 2a0 -~ s2 
0li--"~ -~- Ul " ~  == sin 2no 
OJ~ oe 
@Xl ]9 - ~  -~ co sin 2ao 

(2.8) 

The  f o r m u l a t i o n  of the b o u n d a r y - v a l u e  p r o b l e m s  is d e t e r m i n e d  by the s y s t e m  (2.6) and (2.7); if both 
ve loc i ty  componen ts  a r e  spec i f ied  a long the boundary  x2 = x2(x~), v = a r c  tgx '  2 the fo rmula t ion  will be 
c o r r e c t  if the boundary  does not have c h a r a c t e r i s t i c  d i r ec t ions  fo r  #1 and /l 2. The boundary  condit ions should 
s a t i s fy  the f i r s t  two r e l a t ions  in (2.8) a long the c h a r a c t e r i s t i c s .  Le t  co be given as the boundary .  Only some  
combina t ion  of the pa r t i a l  de r iva t i ve s  with r e s p e c t  to the ve loc i ty  m a y  be spec i f ied  a t  the boundary  in add i -  
t ion to this  condi t ion,  f o r  ins tance  Pfi: 

0vl -t- - ~  x~' cos [ Ov~ Or2 x~'l sin ~ = i o~ - -  ) ~ + \'~-~ + ~ l cos ~ P~ 

The c o r r e c t n e s s  o r  o the rwi se  is dependent  not only on (2.6) and (2.7) but a l so  on the f o r m  of the boun-  
d a r y  condi t ion fo r  the ve loc i ty ;  the fo rm u l a t i on  will  be c o r r e c t  if 

x ' :~= cos (0 + no-- ~) 
2 - - E ~  (0 - -  ao - -  8) t g  (0 - -  ao) 

with the boundary  condi t ions  r e l a t e d  a s  fol lows f o r  x~ = t g ( O -  a0): 

s i n ( O - -  n o - -  6 ) +  8 1 s i n ( O +  n o - -  6) = - - P a  

If fi= O -  c~ 0 +7r/2 we m u s t  have as fol lows fo r  any pos i t ion  of the boundary  

~)cos(O--  a o - - V )  s i n 2 % - ~  e i cos 2% sin (O + n o - - V )  -~ s2sin (O - -  ao - -  v) = s i n 2 a o P  ~ 
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[ 

Fig. 2 

Then  the  Cauchy ,  G o u r s a t ,  and  v a r i o u s  m i x e d  p r o b l e m s  wi l l  be  

c o r r e c t  f o r  s y s t e m  (2.6) and (2.7). 

The  v e l o c i t i e s  a p p e a r  in (2.6) and  (2.7) in d i f f e r e n t i a l  f o r m ,  
wh i l e  co a p p e a r s  a l g e b r a i c a l l y ,  one has  to c o n s i d e r  w e a k  d i s c o n t i n u i t i e s  
in the  v e l o c i t y  and  s t r o n g  d i s c o n t i n u i t y  in co t o g e t h e r  wi th  d i s c u s s i n g  
the  d i s con t i nuous  s o l u t i o n .  L e t  e l ,  e2, and  0 be cont inuous ;  weak  d i s -  
c o n t i n u i t i e s  in the  v e l o c i t i e s  a r e  p o s s i b l e  only on the c h a r a c t e r i s t i c s  
x2' = t g ( 0 -  s0) , x2' = - c t g ( 0 -  s o l  The  r o l e s  of the  c h a r a c t e r i s t i c s  wi l l  
then  be  d i f f e r en t :  a weak  v e l o c i t y  d i s c on t i nu i t y  o c c u r s  on a s l i p  I ine  
wh i l e  co r e m a i n s  con t inuous ,  whi le  on a l i ne  o r thogona l  to the  s l i p  l ine  
a w e a k  d i s c o n t i n u i t y  in  the  v e l o c i t y  i nvo lves  a s t r o n g  d i s c o n t i n u i t y  in 
co. Ana logous  conc lu s ions  a p p l y  f o r  s t r o n g  v e l o c i t y  d i s c o n t i n u i t i e s  and 

f o r  the  i n t e g r a l  of in f in i t e  d i s c o n t i n u i t y  in co. If the  s t r e s s e s  a r e  d i s con t inuous  on a c e r t a i n  c u r v e ,  then  the  
v e l o c i t i e s  w i l l  a l s o  be d i s c o n t i n u o u s .  The  d i s c o n t i n u i t i e s  w i l l s a t i s f y  (2.6) and  (2.7) in the  s e n s e  of 

g e n e r a l i z e d  s o l u t i o n s  [7]. 

The  c a s e  of s l i p  on X2 i s  r e d u c e d  to the  fo l lowing by  r e p l a c i n g  s0  by - s 0 .  

3. We c o n s i d e r  a s  an  e x a m p l e  the  s t a b i l i t y  of a s l op ing  bank bounded  by the  s m o o t h  p r e s s  AIA2 (F ig .  
2).  To AIA2, and AIA4 t h e r e  a r e  a p p l i e d  l o a d s  such  tha t  (r = a~ = cons t  on AiA 2, u = o ~ exp  2tg ~ • 1 6 2 1 7 6  ~ 0 -  
7r/2) on A1A4, w h e r e  d0 = ~r /4 -  (P/2, a 0 < r176 < ~/2;  in tha t  c a s e ,  a con t inuous  s t r e s s  d i s t r i b u t i o n  can  be  c o n -  
s t r u c t e d  in the  r e g i o n  AIA2A3A4 [5]: u -  o ~, 0--  ~r/2, in A1A2A3, and  u = o~exp 2tg r ( r  s o -  7r/2) e = r  (~0 
in AIA3A4, w h e r e  (r, r is  a p o l a r  c o o r d i n a t e  s y s t e m .  We a s s u m e  tha t  the  l o s s  of s t a b i l i t y  m e a n s  tha t  the  
p r e s s  t ips  o v e r  wi th  a c e r t a i n  a n g u l a r  v e l o c i t y  ~ > 0; v2 = t2 (1 -  xl) ,  x2 = 0, ]xl l  -< 1, and  we a l s o  a s s u m e  
tha t  in r e g i o n  AiAaAak4 only the  a r e a s  of the  f a m i l y  x2' = tg(0 + a0) a r e  r e a d y  to s l i p ,  wh i l e  the  a d h e s i o n  
cond i t ions  a r e  m e t  a t  the  b o u n d a r y  A2A3A4. As the  l i ne  A2A~A4 is  not  a c h a r a c t e r i s t i c  of the v e l o c i t y  d i s -  
t r i b u t i o n ,  the  cond i t ions  on A2A3A4 i m p l y  tha t  the  r e g i o n  A2A3A4A~A5 wi l l  r e m a i n  i m m o b i l e .  On l ine  A2AsA6 
the  cond i t ion  fo r  con t inu i ty  in the  n o r m a l  v e l o c i t y  is  me t ,  the so lu t ion  in the  r e g i o n s  AiA2A 5 and AiAsA 6 t 

t a k e s  the  fo l lowing  f o r m :  (~t = ~2 --- 0) 

v 1 = ~ ctg a 0 (i - -  xl -~ ctg aox2) 

v2 = ~ (l - -  x 1 + ctg aoX2 ) (3.1) 
v,~O~ 

p. 
SI~ 2 Ct9 

It fo l lows  f r o m  (3.1) tha t  s t r o n g  d i s c o n t i n u i t y  in the  t a nge n t i a l  v e l o c i t y  can be r e a l i z e d  only on the 
s u r f a c e  AsA6 of a c i r c u l a r  c y l i n d e r  and  the  a r e a  A2As. 

4. In c l o s i n g  (2.4) and (2.6) i t  was  a s s u m e d  tha t  the s l ip  o c c u r s  a long  the f a m i l y  of kl,  l i n e s .  We 
can  c o n s i d e r  the  c a s e  o f a l t e r n a t i n g  s l i p  on both p o s s i b l e  f a m i l i e s  X1 and ~2, in which  c a s e  the  v e l o c i t i e s  vl ,  
v2, and  co a r e  s p l i t  up into  two c o m p o n e n t s ,  e ach  of which  s a t i s f i e s  equa t ions  of the f o r m  (2.6) and (2.7). 
The  d i v i s i o n  of the  b o u n d a r y  cond i t ions  into componen t s  m a y  then  not  be  unique,  but  the  a m b i g u i t y  i s  r e -  
m o v e d  by a d d i t i o n a l  da t a  fo r  d e t a i l e d  c a s e s ;  i t  m a y  be tha t  a so lu t i on  e x i s t s  fo r  c e r t a i n  b o u n d a r y  cond i t ions  
only f o r  a c e r t a i n  d e v i s i o n  by c o m p o n e n t s ;  when one is  s e e k i n g  bounda ry  cond i t ions  tha t  p r o v i d e  a t r i v i a l  
v e l o c i t y  d i s t r i b u t i o n ,  i t  i s  s u f f i c i e n t  to c o n s i d e r  a l l  p o s s i b l e  s t y l e s  of s l i p ,  and so on.  

S y s t e m  (2.6) and  (2.7) i s  u n a l t e r e d  if  we a s s u m e  tha t  the  m e d i u m i s  d i l a t e d  in a c c o r d a n c e  wi th  s o m e  
p r e s e n t l a w ;  i n t h a t  c a s e  e l  and  e2 wi l l  be dependen t  on the c o r r e s p o n d i n g  s h e a r .  

5. We c o n s i d e r  now the  i n t e r p r e t a t i o n  of (2.6); i t  can .be  shown tha t  the  c o n t r i b u t i o n  f rom s ide  AB 
(F ig .  1) to the  v o l u m e  change  in an e l e m e n t  is  r e p r e s e n t e d  by the  i n v a r i a n t  quan t i t y  

Ov sin 20 ! Or1 Ov,~ \ cos 20 / Oil _~ Or,_L +- 

. . , ,  
+ -'-2--- I~ a-5~( T ~ ~- ~ 0~1 0~,. ) - -  ~o cos 2ao 

Similarly for side C 

OV,n ~ /  0~:1 ~,7)2' C0S9~0 I 07) 1 07..~" 
Op +cocos2% ' /'-57[~ - ' - ~ x , ) - - "  2 -5~. + - s  q" (5.2) 

_}_ si~ 2~o (Ov~ / Ox~ + Ov~ / O r  0 - -  cos2% / 2 (0~', / Ox~ 9 
- -  Ov~ / Oxz) + o) cos 2% 
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We equate -r and -r to the right sides of (5.1) and (5.2) to get (2.6); in that interpretation, equations 
(2.6) allow generalization to the case of the axially symmetric total limiting states [8]. 

See [9] for a detailed bibliography for the various models involving slip on limiting lines. 
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